QUOTIENT SPACE OF rA^C-COMPACTIFICATION AS A SPACE 

OF z FILTERS 

M. AKBARI TOOTKABONI 

Abstract. The left multiplicative continuous coinpactification of a scmitopo- 
logical semigroup is the universal semigroup compactification. In this paper 
an internal construction of a semigroup compactification of a semitopological 
semigroup is constructed as a space of filters. In [6], we described an external 
construction of a semigroup compactification of a semitopological semigroup. 



1. Introduction 

Stone-Cech compactifications derived from a discrete semigroup S can be con- 
sidered as the spectrum of the algebra B{S), the set of bounded complex- valued 
functions on 5, or as a collection of ultrafiltcrs on S. What is certain and indis- 
putable is the fact that filters play an important role in the study of Stone-Cech 
compactifications derived from a discrete semigroup. It seems that filters can play 
a role in the study of general semigroup compactifications too, (See [6] and [7]). 

For 5* a semitopological semigroup, a continuous bounded function on S is said to 
be in CAiC{S) if its of right translates is relatively compact in CB{S) for the topol- 
ogy of pointwise convergence on 5*. In this paper we will begin with an elementary 
construction of semigroup compactification and we present some background about 
CM.C{S). Also section 2 consists of an introduction to 2;— filters and an elementary 
external construction of semigroup compactification of a semitopological semigroup 
as a space of z— filters. In Glazer's proof of the finite sum theorem, he introduced 
the notion of the sum of two ultrafilter p and q on lo, agreeing that yl G p + g if 
and only if {x : —x + A lE q} 'E p, (where by —x + A is meant {y : x + y E A}). In 
section 2, we introduce the notion of the binary operation of two z— filters. 

Section three will be about some theorems from [2] about filters on discrete semi- 
group of S which are extended to a state that S be semeitopological semigroup. The 
scaffold of this and the following section focus on the coincidence on [2]. Therefore, 
all techniques and methods in [2] are established. In this section we investigate 
semigroup compactifications of S as spaces of z— filters. 
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2. Preliminaries 



Let S he a, semitopological semigroup (i.e. for each s G 5*, A^ : S* ^ S* and 
Ts : S —>■ S are continuous, where for each x E S, Xs{x) — sx and rs{x) — xs) with 
a HausdorfF topology, and CB{S) denote the C*-algebra of all bounded complex 
valued continuous functions on S. A semigroup compactification of S* is a pair 
(f/',^), where X is a compact, Hausdorff, right topological semigroup (i.e. for all 
X E X , rx is continuous) and -ip : S ^ X is continuous homomorphism with dense 
image such that, for all s G S*, the mapping x i— > ip{s)x : X — > X is continuous, 
(see Definition 3.1.1 in [1]). Let J^ be a C*-subalgebra of CB{S) containing the 
constant functions, then the set of all multiplicative means of J- (the spectrum 
of J-)^ which denote by 5'^, equipped with the Gelfand topology, is a compact 
Hausdorff topological space. A left translation invariant C*-subalgebra T of CB{S) 
(i.e., Lsf = f o Xs G ^ for all s G S" and f E !F), containing the constant functions, 
is called m- admissible if the function s i-^ {Ti^f{s)) = fi{Lsf) is in JF for all f E T 
and /i G S''^ . If so, 5^^ under the multiplication jiv = ji o T^ (p,iy E S''^), furnished 
with the Gelfand topology, makes (e, S''^) a semigroup compactification (called the 
jF-compactification) of S, where e : S —^ S-'^ is the evaluation mapping. Also 
e* : C(S'-^) ^ :F is an isometric isomorphism and / = (e*)^H/) ^ ^('5''^) fo'' ./ '= -^ 
is given by /(/i) = /i(/) for all /i G 5''^, (For more detail see section 2 in [1]). Now 
we present some famous m-admissible subalgebra of C;B(S'). 

A function / G CB{S) is left multiplicative continuous if and only if T^/ G CB{S) 
for aU fiEl3S ^ S'^^^^'. We define 

CMCiS) - f]{T-\CBiS)) : ^i E f3S}. 

£A4C{S) is the largest m- admissible subalgebra of CB{S). (e, S''^-^'') is the uni- 
versal compactification of 5*. ( Definition 4.5.1 and Theorem 4.5.2 in [1]) 

Now we quote some prerequisite material from [6] for the description of {S-'^ , e) 
in terms of filters. For f E !F, Z(f) = /^^({O}) is called zero set for all f E T 
and we denote the collection of all zero sets by Z{!F). For an extensive account of 
ultrafilters, the readers may refer to [3], [4] and [5]. 

Definition 2.1. A C Z{T) is called a z— filter on JF if 

(i) ^ yl and S eA, 

(u) a A,B E A, then Af]B eA, 

(ui) if ^ G ^, B G Z{J^) and AC B then B E A. 

A z— filter is said to be an z— ultrafilter if it is not contained properly in any 
other z— filters. We denote TS ~ {p Q Z{T) : p is an z— ultrafilter on T}. It is 
obvious that x — {Z{f) : j E T , fi^) = 0} is an z— ultrafilter on J-' and so a? G J-^S. 
li p,q E J-S, then obvious that 

1) If B G Z{T) and for all ^ G _p, A n B 7^ then B Ep, 

2) If A, B G Z{J^) such that AiJB Ep then AEpor B Epand 



3) Let p ^ q then there exist A E p and B E q such that An B = 0.( See Lemma 
2.3 in [6]). 

When J^ == CBiS) then TS = f3S = S'^'^'^^^ is the Stone-Cech compactification 
of S. Therefore the spectrum of CB{S) is equal with the collection of all z-ultrafilter 
on S. Now we describe semigroup compactification as the collection of z— filters 
subset of an m— admissible subalgcbra J-'. 



Lemma 2.2. (i) Let p G TS, then there is a ^ G S such that PlAep^l^) = (mIi 
(ii) Let p G TS and nAep^(^) ~ {a*} /o'' some fx G S''^. If A E Z{T), and there 

exists a neighborhood U of ^ in S-'^ such that U C e{A), then A E p, 

(Hi) For each ^ in S-^ there exists a p E TS such that Hyiep ^(^) — {mI- 

Proof : See Lemma 2.6 and 2.7 in [6]. D 

Unlike in the discrete setting, there is no simple correspondence between S"^ 
and TS. TS is equipped with a topology whose base is {{Ay : A G Z(jr)}, where 
A = {p £ J-S : A G p} is a compact space which is not Hausdorff in general. 
We define the relation ^ on TS such that p ^ qii 

Aep Beq 

It is obvious that ~ is an equivalence relation on TS. Let [p] be the equivalence 
class of p G J^S, and let ^ be the corresponding quotient space with the quotient 
map TT : TS -^ ^ . For every p G J^S define p hy p = f][p], put A = {p : A £ p} 
for A G Z{T) and 7^ = {p : p G TS}. 

Lemma 2.3. The following statements hold: 

(i) {{AY : A G Z{!F)} is a basis for a topology on TZ, 

(ii) TZ is Hausdorff and compact, 

(Hi) The mapping (f : S"^ -^ TZ defined by f{n) = p, in which C\^^„£(A) = {/i}, 
is a homeomorphism. 

Proof : See Lemma 2. 1 1 and Lemma 2.12 in [6]. D 

Notice that by Lemma 2.6 , we have TZ = {A^ : /i G S-'^}, where A^ — p for 

/x G 5-^ and Hagc ^(^) ~ i^l' ^^^ ^^^° ^ ~ A'^^^^ , for each x £ S. 

For all X, y G S*, we define 

^eix)^^4v) ^ {z{f) G Z{T) : Z{T:,^y)f) G ^^(")}. 

It is obvious that y^^(^) * ^^(?') = ^^(^!'), for each x, y G S,{ see Lemma 2.14 in [6]). 

Definition 2.4. Let {xa} and {y/j} be two nets in S, such that liniaS^Xa) = H 
and limpe{yp) = jy, for /i, j^ G 5^^. We define 
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Theorem 2.5. The following statements hold: 

(i) Definition 2. 7 is well defined, 

(ii) {TZ, e) is a compact right topological semigroup of S , in which e : S ^ TZ is 
defined by e[x] — x, 

(Hi) The mapping (p : S''^ -^ TZ, defined by (f{fi) = p, where f]^^^ e{A) = {/i}, 
is an isomorphism. 

Proof : See Theorem 2.16 in [6]. D 

The operation "." on S extends uniquely to (TZ,*)- Thus {TZ,e) is a semigroup 

compactification of (S*, .), where the evaluation map e : S ^> TZis given e[x] = x, for 

each X e 5. Also, e[S] is a subset of the topological center of TZ and clTi{e[S\) = TZ. 

For more details see [6]. So in this paper we denote S''^ = {A'^ : ii G 5''^}, where 

Definition 2.6. A z— filter ^ on JF is called a pure z— filter if for some p G !FS, 
A'^ p implies that A Q p. The collection of all pure z— filters are denoted by T^{J^). 

It is obvious that p G S''^ is a maximal member of T'{1F). 

Definition 2.7. For a z— filter A C Z{1F), we define 

[i) 'A^ [p e S^ : There exists p G TS such that A C p}, 

(li) A° = {AeA:Ac {7(1))°}. 

Lemma 2.8. Let A and B be z— filters. Then the following statements hold. 

(1) A = nAG^o(^)° = n^e^o 7(A) = n^e^^- 

(2) Let A C Z{T) be a z— filter, then A is a closed subset of S'^ . 

(3) ACB then B 'ZA. 

(4) Let peS^. If Ae Z{T) and p G {e{A))° , then Aep. 

(5) If J is a closed subset of S"^ then A — f^J^ is a pure z~ filter and A^^ J . 

(6) Let A be a z— filter, then {^A is a pure z— filter and P| ^ C ^. In addition, 
if A is a pure z— filter then A = {^A. 

(7) Let A and B be pure z— filters then AQB if and only if B ^ A, also A — B 
if and only if A = B. 

(8) Let A, B e Z{T). Then (e(l))° n (e(B))° = (e{Ar\B))° . 

(9) A° is a z -filter. 

(10) Let A G TS, A G Z{T) and A (^ A. If F e Z[T) and A" C F, then F e A. 

(11) Letpe S^, A G Z{T) and A(^p. If F G Z{T) and A" C F, thenpE e{F). 

(12) Let p G TS, A G Z{T) and p ^ e(A). If F e Z[T) and A"" C F, then 

F ep. 

Proof : (1), (2) and (3) are straightforward. 

(4) By Lemma 2.5(ii), it is obvious. 

(5) It is obvious that ^ = p| J^ is a pure z— filter and J^ C A. Let f Z T such 
that J C (e(Z(/)))°. Since for each p (1 J <Z (e{Z(f)))° we have Z{f) G p (Lemma 



3.2), so Z{f) e A. Hence by (i) 

A^ f]Ac fl AC J, 

and therefore A = J. 

(6) It is obvious that p| ^ is a pure z— filter and f]A(= A. Now let ^ be a pure 
z— filter, then for every pGAwe have ACp, and this implies that A C f^ -^p — 

nx 

(7) is straightforward. 

(8) li A, B€Z{J^) then e{AnB) = e{A)r\e{B). {e(AnB))° C {7(A)yn(dB))° 
follows from basic topology. 

For the converse, let x G (£(^4))° n {e(B))°, then there exists f E T such that 
X e (e(Z(/)))° C e(Z(/)) C (^(iy)° n (dB)y. Hence Z(/) C e(A n B) and so 
a; e (£(Z(/)))° C e(Z{f)) C e(AnS) and this imphcs that x e {e{AnB))°. 

(9) is straightforward. 

(10) Let F e Z{T) be such that A= C F. Then ^U{F} has the finite intersection 
property.( Let there exist Ai,...,An e A such that (nf^^Ai) ni^ = then nf^^ A^ C 
F"^ C_ A and so ^ e ^ is a contradiction.) Therefore there exists B G TS such that 
^ U {F} C B. Since ^ is an z— ultrafilter so A — B, and this implies that F E A. 

(11) Let ^ ^ p, so there exists q € [p] such that A ^ q. Hence by (10), for every 
-F e Z(T) if ^^ C i^ then F € q. Therefore p G e{F). 

(12) Let p ^ e(A) then [p] n e(A) = 0. If g G [p] then A ^ ij. Hence by 
(10), for each F G Z{!F) and for each g G [p] if A^ C F then F <E q . Therefore 

Definition 2.9. Let A be a nonempty closed subset of S-^ . We call P| A the pure 
z— filter generated by A. 

Definition 2.10. Let A and B be two z— filters on JF and A G Z{T). We say 
A G yl + ;B if and only if for each F G Z{T), VIb{A) C F implies F G ^, where 
Q.b{A) = {x G S* : \-^{A) G y^}. 

Lemma 2.11. Let A and B he two z— filters and A, B E Z{1F). Then 

(1) nA{An B) = n^iA) nnMB), 

(2) IfA'EB then fix(^) ^ ^siA), 

(3) IfACB then rj^(A) C 17^ (B), 

(4) For each xeS, A-i(f7^(A)) = fi^(A-i(^))- 

rs; f}B+c(A) = ntsindA)) 

(6) Letp,qe S^ and B G Z{T). Ifq*pe {e{B))° then 



e-Hr^\{e{B)r)) C {x e S : p e {s{X^\BW} C 0^(5). 
Proof : Obvious. D 
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Lemma 2.12. (i) Let p e S^-^'^ and A e Z{CMC{S)). Then Op(A) is a closed 

subset of S . 

(a) Let B he a z^ filter and A G Z{CM.C{S)). Then Oe(j4) is a closed subset of S. 

Proof : Let p e S^^"^ and A e Z{CMC{S)), then 

np{A) = {xC,S:\-\A)ep} 

for some / £ CMC{S) = {x e 5 : Z{L^f) e p} 

fl {xeS:Z{L^f)ep} 

pefjS.pCp 

for a zero set B and p e jSS, B e p iS p E^ = Pi {x e S : p E Z{Lxf)] 

pefiS.pCp 

fl {xeS:T^{f){x) = 0,} 

liei3S,pCAt' 

fl ZiT.if)). 
fieps.pCAf^ 

Since / e CJV[C{S), hence T^(/) : S* ^ C is continuous and Z(Tp(/)) is a cfosed 
subset of S. Hence Vlp{A) is a cfosed subset of S. 

{a) It is obvious. D 

Lemma 2.13. Let A and B he z~ filters on CA4C{S) then A + B is a z— filter. 

Proof : It is obvious 9 (^ A + B. Let A,B e A + B and F e Z{CMC{S)) such 
that nsiA DB) E F then there exist D,C E Z{CMC{S)) such that n^iA) C C, 
0.b{B) C D andCDD EF. This imphes F E A. Now let A E A + B a.nd A E B 
for some B E Z{CMC{S)), then by Lemma 2.14(3) imphes B E A + B. D 



Definition 2.14. Let A and B be z— fihers, we define AQ B = f]A + B. 



By Definition 2.12, ^ B is a pure z— fiher generated by ^ + ,B. 
Lemma 2.15. Let A and B be z— filters and ^^v E S'~-^'" , then 

(n) A^'QA'' = Af"" = A''* A", 

(m)A&BEr\_^^^^_^^^^A^'', 

(iv)A^QAEf]_^^^-^A''r 

(v)A*Bc cls^(A * B) c ATB = A^^. 

Proof : Obvious. D 



In this paper, we replace e{A) with A for simphcity. 

3. Compactification of 5 as a space of pure z— filters 

Recall from Theorem 4.2.1 in [1] that if S* is a semitopological semigroup, {S^-'^'^ , e) 
is the maximal right topological semigroup extention of S. Thus given any semi- 
group compactification (T, /) of S, we have / is a continuous homomorphism of 



gCMC Q^^-y J, Consequently, (T, .) is a topological quotient of S"^-^*^. ( Let 
R{f) ^ {(^,jy) : /i,zy G S*^-^^ and/(^) = f{v)}. Then T « S'^^^ / R{f) via 
the homoniorphism 5([/i]) = /(m)- Furthermore, defining ® on S'-'^^ / R{f) by 
[/ii^] = [/i] © [i^] we have g is an isomorphism of S'"-^'^ / R{f) onto (T, .).) 

Given an equivalence relation R on S'--^'^ such that S'--^'^ / R{f) is Hausdorff, 
we have the i?-equivalence class are closed subsets of S'~^^ . But the closed subsets 
of S'-'-^^ correspond exactly to the pure z— filters. ( See Lemma 2.11(5).) 

We thus have that any semigroup compactification of 5* corresponds to a set of 
pure z— filters. In this section we characterize those sets of pure z— filters which 
yield semigroup compactification of S and describe the topology and the operation 
in terms of the z— filters. 

Definition 3.1. Let F be a subset of pure z— filters on CAiC{S). We say / : F ^ 
y F is a topological choice function if for each £ G F, £ C [f[C))°. 

Tiieorem 3.2. Let T be a set of pure z~ filters on CJVlC{S). Statements (a) and (a') 
are equivalent, statements (b) and (fe') are equivalent and statem,ent (c) is equivalent 
to the conjunction of statements (a) and (6) . 

(a) Given any topological choice function f for T, there is a finite subfamily T 
ofY such that 'S = S^^'^ = U£e^(70C))°- 

(a') For each p G S^^'^ there is some £ G F such that C C p. 

(6) Given distinct C and /C in T, there exists B G /C° such that for every A G 
Z{CMC{S)) ifS-iBy C (A)° then AeC. 

{b') For each p G S'"-^'^ there is at most one £ G F such that C '^p. 

(c) There is an equivalence relation R on S such that each equivalence class 

is closed m S^-^*^ andT = { f][p\R : p e S'^-^^} 

Proof : To sec that (a') implies (a) let / be a topological choice function for 
F. Suppose that the conclusion of (a) fails. Then F = { 5 - (f(C))° : £ G F} 
has the finite intersection property, therefore there exists p G PlTer ^- Pick £ G F 
such that C C p. Since / is a topological choice function p ^ C Q {J{C))° and so 
p G (mr n ( n^cer ^- {W)r) C {Wir n(^- iWir) = is a contradiction. 

To see that (a) implies (a') let p G S'--^'^ and suppose that the conclusion of 
(o') fails. For each £ G F , pick /(£) e C-p such that C C (/(£))°. Pick a 
finite subfamily J^ of F such that S^^'^ = {JceAfi^))°- Then for some C e T, 
f{C) G p , a contradiction. 

To see that (5') implies (b) let C and /C be distinct members of F and suppose 
that for each B G /C° there exists A G Z{CMC(S)) such that 5- (B)° C (A)° and 
A ^ C. Then for each i? G /C°, £U {B} has the finite intersection property. (Let !F 
be a finite subfamily of £ and B f] ( r\T) = then {nT) f] (B)° C {r\T) f](B) = 0. 
Hence nT <^S-(B)° C (A)° imphes £ C n^ C [(B)°Y C (A)° and so A e C, and 
this is a contradiction.) Since /C is closed under finite intersection , £ IJ /C° has the 
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finite intersection property. But then one can pick p E S'-'^^ such that C[JK,° Q p 
and this is contradiction (b'). 

To see that (b) implies {b'), let p G S'-'^'^ and suppose we have distinct C and /C 
in r such that £ U ^ ^P- Pick B e /C°. Let A e Z{CMC{S)) (md'S-{B)° C (3)° 
then yl G £, and so p e {B)° Q ( n5-(s)oc(A)° ^) = (^)° H (^ - (^)°) = 0. Hence 
we have a contradiction. 

That (c) imphes (a') is trivial since PlH ^ P • 

To see that (c) implies {b') suppose q E S'~-^'" such that \q\ ^ [p] and f]\q\ Q p. 
Since [5] is closed in S*^-^*^ and p (^ [q\, pick A e (p)° such that Af][q\ = 0. Let 
B e Z(/:A^C(S')) and [q\ CS - (A)° C (B)°, then B e flH ^ p and so this is a 
contradiction. 

Now assume that (a') and {b') hold. Define R on S'"^'^ by pi?g^ if and only 
if there exists £ G F such that C C pf\q. Trivially R is symmetric. By (a'), R 
is reflexive on S'--^'" . To sec that R is transitive, let p, q and r be in S'~-^'" and 
assume that pi?9 and qRr. Pick £ and /C in F such that Z! C p P| g and /C C gQ r. 
Since £ IJ /C C g we have C ~ IChy {b'). 

To see that F = {CUpIr : p e S^-^'^}, it suflttces to show that if £ G F and 
p G S''-^'" such that C Q p, then £ = (^[p\. (For given any £ G F there is some 
p G S''-^'" such that C Cp and given p G S^^'^ we have by (a') some £ G F such 
that £ C p.) Let £ G F and p G S^^'^ with £ C p be given. Given q E [p\ there 
is some /C G F such that /C C pf]q. But then, /C = £ by (&'), so £ C g. Thus 

ccCiipl. 

To see that n[p] C £, let A G n[p| such that [p\ C (^)° and £ - (A) 7^ 0. 
We choice B G Z{CMCiS)) such that 5" - (A)° C (B)° and B ^ C. Then 
£1J{Z)} has the finite intersection property for each D G Z(CA4C{S)) such that 
^-(^)° C (i5)° C I) C (B)°, (If JC" is a finite subfamily of £ and £> n( HJ^) = then 
(njP)n(^)° C (nJ')n(^)==0- Let D G Z(£7WC(S')), if 5'-(3)° C (D)° CDC 
(B)°, then (fl^) n(^)° == and ( n J") f](S - (A)°) = 0. Hence r\T C (A)° and so 
£ — A = and this is a contradiction). So pick q G S'--^'" such that q G £lj{i?}. 
But then £ C pf|q so gG [p] and hence q G (3)°. Also for each E G Z(£A1C(5')), 
if ^ - (Ay C (E)° C (E) C (B)° then E e q. So g^ G An(^ - (^)°), and this is a 
contradiction. 

Finally to show that each R- equivalence class is closed in S'--^'^ , let p G S'"-^'" 
and pick £ G F such that C C p. Then C = [p\ and, as we have observed £ is closed 
in S^^c. D 

Definition 3.3. Let F C Z{CMC{S)) be a set of pure z-filtcrs. We define 

A* = {£GF:£p|A^0}, 
A, = {£ G F : £ C 3} 

foreachAGZ(£yWC(5)). 



Let r be a collection of z— filters and let A, B E Z{CM-C(S)), then we have 

(i) (AnB)* C A*r\B*, 

(ii) A*UB* == (AUB)*, 

(Hi) (AnB)^ C A^nB^, 

(iv) (AUB)^ = A, UB,. 

Therefore {(A*)" : A e Z{CMC{S))} and {{A^Y : A G Z{CMC{S))} are basis 
for the topology on F. It is obvious that A* C A* and so {A*y C {A^.y for each 
A G Z{CM-C{S)), and this is a motivation for the following definition. 

Definition 3.4. Let F C Z{!F) be a set of pure z— filters. The r* quotient topology 
on F is the topology generated by { {A*y : A G Z{CMC{S))} and the r, quotient 
topology on F is the topology generated by { {A^y : A G Z{CMC{S))}. 

Let R be an equivalence relation on S'^-^'' and let F = {n[p]_R : p G S'^-^''}. 
Then for every A G Z{CMC{S)) we have A* = {r\[p\R -.peA} and A^ = {n[p\R : 
[P\ ^ A}. 

Lemma 3.5. Let R be an equivalence relation on S such that S /R is 

Hausdorff. Let F = {n[p]/f : p G S^'^'"}. Then with the t* quotient topology on T, 

F « S^^^/R. 

Proof : Define ip : S'^-^^'/i? ^ F by (p{\p\) = n[p]. It is obvious that ip is well 
defined, onto and one to one. Let tt : S'--^'" -^ S'--^'" /R is the quotient map and 
let 7 : S'--^'" ^ F is defined by 7(p) = n[p]. It is obvious that 7 is well defined and 
onto. Also </? o TT = 7, i.e. the following diagram 

gCMC ^ S'^'^^/R 

7 V 

\ / 

F 

commutes. 

7 is continuous, because for each A G Z{CM.C{S)), we have 

7-i(A*) = {pG^^-^^:7(p)eA*} 

= {pES^^^ ■.^oT:{p)eA*} 

= {pG^^-^^:n[p] G^*} 

= {pG^^-^^::4n[p]^0} 

= |J{7r(p):pe3} 

= ^-i(7r({pG5^-^^:pGA})) 

Since A is compact and tt is continuous, 7r(yl) is compact, and so it is closed. 
Hence 'k~^{it{A)) — ^^^{A*) is closed, and then 7 is a continuous map. Since 
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(p-i(A*) = tt{j-^(A*)) = tt(A) for each A e Z{CMC{S)), ^ is a continuous 
function. 

r is a Hausdorff space, because if £, /C G F and C ^ IC, then C{^K. = 0. We 
can find open sets V and U in S^^'^ such that C C V C (]cy,lC C U C {Cy and 
UUV = S^-^^. Therefore there exist A, B e Z{CMC{S)) such that IC C U C 
A C (£)'= and Z C 1/ C ;b C (JC)" . Now let p e S'^-^'^ then p S 1" or p G B and 
so A* UB* = r. This prove (A*)^ n (B*)" = 0. It is obvious that C G {A*Y and 
/C G {B*Y. ip is continuous, one-to-one and onto therefore (p is homeomorphism 

and r « s^^'^/R. a 

Lemma 3.6. Let R he an equivalence relation on S'~'^^ such that S^'^'" / R is 
Hausdorff. Let V — {n[p]_R '■ P ^ 5"^'^''}. Then with the t* quotient topology on T, 

r « s'^-^c/R. 

Proof : It is obvious that ip : S^-'^'^ /R -^ T defined by (^([iii]) — r\[p\ is contin- 
uous with r* quotient topology on F. Also it is obvious that p is an onto and one 
to one map. 

F is Hausdorff under t* quotient topology, because if £, /C G F and C ^ JC, then 
there exist p,q E S'"-^'^ such that £ = [p] 7^ [q] = /C. There exist open subsets U 
and V of S^^^ and there exist A, B G Z{CMC{S)) such that 

[p] CC/C7r-i(7r(C/)) QA, 

[q\ CT/C7r-i(7r(F)) C S 

and L/UV" = S'^^^. Hence ^,UB* = F and so {A^Yr\{B^Y = 0, where r\[p\ C (B,)^ 
and n[5] C [AY)'^ . Therefore F is Hausdorff and so </? is a homeomorphism. D 

Corollary 3.7. t* and r* are equal on F. 

Proof: It is obvious. D 

Now by Corollary 3.7, we can say: 

Definition 3.8. Let F C Z{CAiC{S)) be a set of pure z— filters. The quotient 
topology on F is the topology generated by { {A*Y ■ A G Z{CMC{S))} or generated 
by { {AY" ■■ A G Z{CMC{S))}. 

Theorem 3.9. Let T be a set of pure z— filters on CA4C{S) with the quotient topol- 
ogy. There is an equivalence relation R on S'-"^^ such that S^'^'" / R is Hausdorff, 
F = {f^[p\R : p G S^^'^}, and F « S^^^/R if and only if both of the following 
statements hold: 

(a) Given any topological choice function f for T , there is a finite subfamily T 
ofV such that S = [JceAJi^T: 

(b) Given distinct C and /C in T , there exist A £ C° and B G K° such that 
whenever C G F, for each H,T e Z{CMC{S)) either S - (A)° C [HYthen H eC 
orS- (BY C (TYthen T eC. 
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Proof: (Necessity) Statement (a) holds by Theorem 3.2. To estabhsh statement 
(6) let C and IC be distinct members of F. Note that F is compact and Hausdorff, 
and 7 : S^'^'" -^ F defined by 7(p) — C\W\R i^ ^ continuous map. Pick disjoint 
basic neighborhoods {F*Y and {G*Y of C and /C, respectively. Then F*{_]G* = F. 
Since 7 is continuous, we have C C 7^"'^((-F*)'^) and K, C 7^-'^((G'*)^). Therefore 
there exist A e C and B e K. such that Z C (A)° C A C 7"i((F*)=) and IC C 
(B)° C B C 7-i((G*)=). Hence j-^{F*) CS- (Ay and -f-^{G*) C^ - (B)°. 
This conclude that C e F = F* IJ G* and so C G F* or C e G*. If C e F* then 
C C j-\F*) C 5- (A)°. Hence for each H G Z{CMC{S)), ii'S - (A) C (i7)° then 
H eC. 

(Sufficiency) Assume that (a) and (6) hold and observe that statement (b) of 
Theorem 3.2 follows. Suppose that 

R ^ {{p,q) : p,q ^ S'--^'" and that there is some £ G F such that C C pQ g|. 

we have as in Theorem 3.2 that F = { P|[p]fl : p G S'--^'"}. To complete the proof 
it suffices to show that R is closed in S^-^'^ x S'^-^''. (For then, since S'~^^ is a 
compact Hausdorff space, S'--^'^ / R is Hausdorff and hence Lemma 3.5 applies.) 

To this end let (p, g) G S'^^^ x S'^^^ - R. By Theorem 3.2 (a'), pick L and 
/C in F such that C C p and IC C q. Since {p,q) ^ R, C ^ /C. Pick ^ G £° and 
B G /C° such that for each H,T e Z{CMC{S)) either S'- (A)° C (17) ° then H eC 
or ^- (By C (T)° then T G C, where C G F. Thus (ly x (^B)" is a neighborhood 
of {p,q) in S^-^'^ X S'^^C ^i^j(,jj j^jgggg j^ (jf (^ y) ^ (Jy ^ (^Y and C G F 

with C C Z^ n V and for each iJ, T G Z{CMC{S)) either 'S - (Ay C (17)° then 
if G C C W, and so W G (^4)° n ( n(iT)=Ds-(A)° W) = (^)° ^ (S - (Ay) = is a 
contradiction.) D 

Definition 3.10. F is a quotient oi S'-'-'^'^ if and only if F is a set of pure z— filters on 
CM.C{S) with the quotient topology satisfying statements (a) and (6) of Theorem 
3.9. 

If F is a quotient of S'~-^'^ , then by Theorem 3.2, for each p G S^-'^^ there is a 
unique £ G F such that C '^ p. Consequently, the function 7 below is well defined. 

Definition 3.11. Let F be a quotient of S^^'^. Define 7 : S^^'^ ^ F by j{p) C p. 
Define e : 5* — ^ F by e(s) ~ "fis). 

It is obvious that if {s" : s G 5*} C F then e(s) = 's. 

Corollary 3.12. Let T be a quotient of S'~'^'" . Then j is a quotient map. 

Proof: Let R, ip : S'^^^/R -^ F, and tt : S'^^^ -^ S'^^^/R be as in the proof of 
Lemma 3.5. By Theorem 3.9, S^'^'" / R is Hausdorff. Thus (/? is a homeomorphism. 
Since tt is a quotient map and 7 = (^ o tt, 7 is a quotient map. D 

Definition 3.13. Let F be a quotient of S'"^'^ . If for each A and S in F there is 
some C G F with CQAqB, define + on F by A+B G F and A+B <^AqB. 
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Lemma 3.14. Let (F, +) be as in Definition 3.13. Then the following diagram 

commutes: 

gCMC X 5'^A^c ^ S'^-^c 

7x7 7 

i i 

r X r i r. 

Proof: Wc first observe that + is well defined. Indeed, if C and T) are in T and 



C C ^ S and P C ^ ^, tlien A(3B(=Cr\V. But by condition (6) of Theorem 
3.9, if Cn^7^0, thenC = I?. 

Now let p and g be in S'^^^ . Let yl = 7(p), B = 7(9), C = 7(p 5) and 
I? = 7(p)+7(9)- Since p0 g^ e ^ * ,8 so Lemma 2.18 implies that pQqEAQB. It 
is obvious that P C y^ ^B so p q eV also pQqeC. Hence C[yD ^% and this 
implies C ~ T). D 

Theorem 3.15. Let (F, +) &e as in Definition 3.13. Then 

(1) e is a continuous homomorphism from S to T , 

(2) F is a right topological semigroup, 

(3) e[S] is dense in T , and 

(4) for every s G S, the function Xe{s) is continuous. 

Proof: (1) It is obvious that the following diagram commutes: 

S -^ s'--^'^ 



(i.e. 7 o e ~ e). 7 and e are continuous so e is continuous. By Lemma 3.14 7 is a 
homomorphism, therefore e is a continuous homomorphism. 

(2) Let £, /C and C be in F. 7 is onto, therefore there are p, q and r in S^^'^ 
such that "f{p) = £, 7(5) ~ IC and "/(r) = C. By Lemma 3.14, we have 

C+(K+C) = l{p)Hl{q)+l(7)) 
= 7(p) + (7(9 0r)) 
= 7(P0(90?)) 

= i{{pQq)Q^ 
= lipQqj+iir) 

= {l{p)+l{Q))+l{r) 
= iC+IC)+C. 

and so F is a semigroup. 

To see that + is right continuous, let £ € F and pick p E C = 7^^({£}) then we 
have r£ o 7 = 7 o Tp. We know r^ and 7 are continuous. Thus r£ is continuous. 

(3) By (1), we have e = 7 o e and so F = 7(e(5)) ^ 7(e(5)) = 7oe(5) = ^. 
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(4) Let s G 5. It is obvious that X^fs) 07 = 70 X^u) ■ Since Xgtg\ and 7 are 
continuous so X^/gj is continuous. D 

Theorem 3.16. Let T be a set of pure z— filters with the quotient topology. The 
following statements are equivalent: 

(a) There exists a continuous function h : S — > T such that T is a Hausdorff 
compact space, h[S] is dense in T and 

(i) for each s G S", s G H h{s) and 

(ii) for distinct C and /C in V , there exists B E JC° such that for each A G 
Z{CMC{S)) ifS-iBy C {A)° then AgC. 

(h) V is quotient of S^^'^ . 

(c) r is quotient of S'~'^'" , T is a Hausdorff compact space and e[S] is dense in 
T. 

Proof: To sec that (a) impUes (b), we must show that condition (a) and 
(b) of Theorem 3.9 hold. Let / be a topological choice function for F. Then 
{7((/(£))°) : C G F} is an open cover of F so pick finite JT C F such that 
r C U£e^7((7GC))°)- To see that S C U£e^7((/(^))°)> let s e S. Pick C e T 
such that h{s) G -f{{f{£))°). Then /(£) G h{s), since s G HHs) so s G /(£). 
Hence S C [JceAfi^))° ^nd this imphes that 5" C \JceAfi^))°- 

The proof that condition (b) of Theorem 3.9 holds can be taken nearly verbatim 
from the proof of Theorem 3.9. 

To see that (b) implies (c) observe that by Theorem 3.9, F is a compact Hausdorff 
space. By Theorem 3.15, e is continuous and e[S] = F. 

That (c) implies (a) is trivial. D 
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